Non-canonical generalizations of slow-roll inflation models 
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We consider non-canonical generalizations of two classes of single-field inflation models. First, we 
study the non-canonical version of "ultra-slow roll" inflation, which is a class of inflation models for 
which quantum modes do not freeze at horizon crossing, but instead evolve rapidly on superhorizon 
scales. Second, we consider the non-canonical generalization of the simplest "chaotic" inflation 
scenario, with a potential dominated by a quadratic (mass) term for the inflaton. We find a class of 
related non-canonical solutions with polynomial potentials, but with varying speed of sound. These 
solutions are characterized by a constant field velocity, and we dub such models isokinetic inflation. 
As in the canonical limit, isokinetic inflation has a slightly red-tilted power spectrum, consistent 
with current data. Unlike the canonical case, however, these models can have an arbitrarily small 
tensor/scalar ratio. Of particular interest is that isokinetic inflation is marked by a correlation 
between the tensor/scalar ratio and the amplitude of non-Gaussianity such that parameter regimes 
with small tensor/scalar ratio have large associated non-Gaussianity, which is a distinct observational 
signature. 



I. INTRODUCTION 

Inflation [l|, 0, has emerged as the most promis- 
ing framework for understanding the physics of the very 
early universe. In particular, it ties the evolution of the 
universe to the properties of one or more scalar infla- 
ton fields, which are responsible for creating a period of 
rapidly accelerating expansion. This period of accelera- 
tion naturally creates a flat, homogeneous patch which 
later evolves into the present universe. Inflation makes 
detailed predictions, most importantly the generation of 
rimordial density and gravitational-wave perturbations 
S S S B H Eyl which are an excellent match to cur- 
rent high-precision data. However, the identity of the 
inflaton field is currently unknown, except that it must 
lie outside the Standard Model for particle physics. A 
promising place to search for a fundamental theory of in- 
flation is within the "landscape" of string theory, which 
predicts a plethora of scalar fields associated with the 
compactification of extra dimensions and the configura- 
tion of lower-dimensional "branes" moving in a higher- 
dimensional bulk space. Recent developments in string 
theory have produced a number of phenomenologically 
viable stringy inflation models such as the KKLMMT 
scenario [ll| , Racetrack Inflation [l^l , and Roulette Infla- 
tion pl|. The Dirac-Born-Infeld (DBI) scenario [Hi has 
attracted particular interest because of the novel feature 
that slow roll can be achieved through a low sound speed 
instead of from dynamical friction due to expansion. An 
important lesson from these recent theoretical develop- 
ments is that it is not necessarily safe to assume that 
the inflaton is a single, canonical scalar field. Instead, a 
varying sound speed arises naturally within many string- 
inspired infiation scenarios. 

The corresponding observational picture is similarly 
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broadened by these developments in model building: 
canonical slow-roll infiation models generically predict 
a strong suppression of scale-dependence and non- 
Gaussianity in the perturbation spectra generated dur- 
ing infiation. Therefore, the observables most important 
for constraining such scenarios are the scalar spectral in- 
dex ns and the tensor/scalar ratio r [l^ [l^. Current 
data constrain the spectral index well enough to rule 
out a number of well-motivated inflationary scenarios, 
but there is as of yet no evidence for non-vanishing r 

[13, H, [li H El, 0, m, [13, m, m . Infiation from non- 
canonical Lagrangians introduces novel phenomenology 
above and beyond this simple set of observables. in par- 
ticular significant non- Gaussianity [13, H S S, Hil. 
This creates a potentially powerful new "window" for 
probing infiationary physics. This is particularly signif- 
icant for phenomenological efforts to "reconstruct" the 
infiationary potential (32i] . since non-canonical models 
present two free functions, the scalar field potential and 
the speed of sound, which must be reconstructed. The 
canonical "flow" formalism for infiation 33, 34, 35) has 
been generalized to the case of DBI inflation [25j, l36| as 
well as to the case of a completely general Lagrangian 

[13, Hi]. 

In this paper, we consider the non-canonical general- 
izations of two interesting classes of canonical inflation 
models. First, we study the non-canonical generaliza- 
tion of "ultra-slow roll" inflation, which is a class of in- 
flation models for which the slow-roll approximation is 
strongly violated, so that quantum modes evolve rapidly 
on superhorizon scales [sol . l40j . Background solutions 
for this case were calculated by Spalinski [41]. Here, we 
fully calculate the associated fluctuation power spectra. 
Second, we consider the non-canonical generalization of 
the simplest "chaotic" inflation scenario, with a potential 

V {(j)) = m?<fP', for which the field evolves with approxi- 
mately constant velocity (f) ~ const. We find a class of re- 
lated non-canonical solutions with polynomial potentials 

V {4>) oc (jf and constant field velocity, but with varying 
speed of sound, which we dub isokinetic inflation. Un- 
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like the canonical case, the non-canonical model can have 
an arbitrarily small tensor/scalar ratio combined with a 
slightly red-tilted power spectrum, I — n ^ 0.05, con- 
sistent with current data. Of particular interest is that 
this class of models is marked by a correlation between 
the tensor/scalar ratio and the amplitude /jvl of non- 
Gaussianity such that parameter regimes with small ten- 
sor/scalar ratio have large associated non-Gaussianity. 

In the next section, we review the calculation of cos- 
mological observables in canonical and non-canonical in- 
flation models. 



II. COSMOLOGICAL OBSERVABLES 

A. Inflation from canonical scalar fields 

Inflation can be easily implemented in scalar fleld mod- 
els. Consider the following action of a real scalar fleld (p 



-9 



(1) 



with a flat Friedmann-Robertson- Walker (FRW) metric 

ds^ = dt^ ~ a^{t)dx^ = a'^{T)[dT^ - dx.% (2) 

It can then be shown that the equation of motion for the 
scalar field is given by the equation 



4> + 3H^ + V'{(j)) = 0, 



(3) 



where the conformal time t can be expressed in terms of 
the coordinate time t as 



dT 



1 



-dt. 



and the Hubble parameter H is defined to be 

a{t) 



(4) 



(5) 



Unless otherwise stated, overdots denote derivatives with 
respect to the coordinate time t, and primes derivatives 
with respect to the field (p. If the coordinate time t is 
a single-valued function of the inflaton fleld (j), we can 
equivalently express the Hubble parameter H in terms 
of instead of t. The dynamics of single field inflation 
can then be described by the so-called Hamilton- Jacobi 
formahsm (32i. AZ. i43i] 



2Ml 



1 



2Mj, 



(j> = -2MIH'{4)). 



(6) 



This system of two first order differential equations is 
equivalent to the second order equation of motion ([3]). 
Since we now use the field 6 as our clock, we can define 



the following Hubble slow roll parameters in terms of 
derivatives of H with respect to (j) as |3J] 



e = 2Mi 
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H{4>) 
H"{cP) 



^A(0) ^ {2Miy 



H{4>) 



1 d^+^H((j)) 
H {(jj) d(j)^+^ 



,(7) 



where t — 2, ...,oo is an integer index. Since the above 
tower of flow parameters is deflned in terms of derivatives 
of H, we will refer to it as the H-tower. The potential 
V{(f>) is then given by the following exact expression 



(8) 



As long as the above parameters are varying slowly, the 
power spectra of curvature perturbations P-jz and of ten- 
sor perturbations Pt are given by 



Ptz 
Pt 
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k=aH 



We then deflne the tensor/scalar ratio to lowest order 
in slow roll as 



Pt 

r = — — = 16e. 



(10) 



If we also approximate the power spectra by power laws 
El 



Pnik) cx 



(11) 



we can express the spectral indices to lowest order in slow 
roll by the following equations 



_ d\nPT _ 2 
^ dlnfc 



(12) 



There are therefore three independent parameters that 
can describe any inflationary model to lowest order, P-ji, 
Pt and . Another independent observable is the signa- 
ture of non-Gaussian features of the primordial pertur- 
bations, but it has conclusively been shown [i^ \^ that 
it is negligible in slow-roll inflation models. 



B. D-brane Inflation 

In this section we review the framework of D-brane in- 
flation. In most cases it evolves a mobile D3-brane which 
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moves in a six-dimensional "throat" with the following 
metric: ^ 

dslo = (r) dsj + h-^ (r) (dr^ + r^dsj^J , (13) 

where the manifold X5 shapes the base of the cone. The 
effective potential is then the result of the interaction 
between the D3-brane and the anti-D3-branes which can 
either be located at the tip of the throat ( UV model) 
[H, Hi, HO, HH, nil, or at the infrared ends of different 
throats (ffi model) ^\E^. 

One of the scenarios that appears to be promising in 
the quest for an explicit realization of the inflationary 
paradigm from superstring theory is the DBI scenario, 
because of the new phenomenology that it introduces. 
In the DBI scenario, the inflaton field is the degree 
of freedom that is associated with the D3-brane and is 
simply given by the rescaled coordinate in the throat r 
between the brane and the antibranes 



(14) 



where T3 is the brane tension. The dynamics of the D3- 
brane are then determined by the DBI action 



In the DBI scenario therefore, slow roll is not achieved 
from dynamical friction due to the expansion, but rather 
through a low speed of sound. 

Following the analysis of section lTl Al we can define the 
Hamilton- Jacobi formalism for DBI as Isil 



3M|ij2(0) _y(0) 

9 A f2 



where 



7= 7l + 4Af2/(<^)iJ'(0). 



(21) 



(22) 



In addition to the H-tower defined previously, we can 
also define an infinite ^ -tower of fiow parameters that 
are expressed in terms of derivatives of 7 as follows (36| : 
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2Ml H" (0) 
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,(15) 



where V — V (ip) is an arbitrary potential, and /^^ (0) is 
the brane tension expressed in terms of the warp factor 
h (0) as 



«A(0) 
s(0) 



2Mj, 

li^J \Hicf>) 
2Mj, W jcj,) i (0) 

7(0) H{4>) 7(0) 



H' (0) 1 d'^+^H{(f>) 

H (0) (i0^+i ' 



2Af|, 7" (0) 



7(0) 7(0) 



/-I (0) = nh^ (0) . 



(16) 



If we again assume a four-dimensional metric of the FRW 
form, the equation of motion for the infiaton field can 
then be written as 



'lEl^Yl^ 3f ^2 ./VI 



7 7' 

The Lorentz factor 7 — 7(0), is given by 

1 

7 



1 - /(0)02 



(18) 



and can result in many e-folds of inflation, even if the 
potential is steep. We next define the speed of sound Cs 
as the speed at which the fluctuations of the inflaton fleld 
propagate relative to the homogeneous background as 



dP 
dp ' 



(19) 



where P and p are the pressure and energy density of the 
fleld. We can then express 7 in terms of as follows: 



2 1 
ci 



(20) 



^a(0) 



2Mj, 



i7'(0) 



e-i 



1 d^+17 (</>) 



,7(0)7 \Hicf,)J 7(0) rf0'+ 
The potential can then be written as 

2£(0) 7(0) 
3 7(0) + 1 



F-(23) 



1/(0) = 3M|,iJ^(0) 1 



(24) 



To lowest order, the power spectra of curvature pertur- 
bations P-ji and of tensor perturbations Pt are given re- 
spectively by 



Pt 



1 
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and then 



k=aH 



Pt 

T = — — = IGc^e. 
Pn 



(25) 



(26) 



The spectral indices can then be described by the follow- 
ing expressions to lowest order in the flow parameters 



1 



dlnPTC 



-4e + 2?7- 2s, 
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d\nk 



-2e, 



(27) 



where the scalar spectral index now depends on the vari- 
ation of the speed of sound as expressed by the flow pa- 
rameter s. 

What makes the DBI scenario very attractive is the 
novel characteristic of significant non-Gaussianities [13, 
m, m [13, [Ml. It has been shown [H that the sound 
speed is related to the primordial non-Gaussianity by 



pcquil. 
JNL 
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1 



(28) 



A direct measurement of J^l can therefore be used not 
only to distinguish the DBI scenario from other candi- 
dates, but also to constrain the speed of sound while the 
CMB scales were exiting the sound horizon. 
In the limit obviously where 



1 and s — 0, 



(29) 



the above analysis reduces to the case of a canonical 
scalar field presented in section 111 Al In the next sec- 
tion we will study the evolution of quantum modes in 
the general case of non-constant speed of sound. One 
can always recover the canonical case by simply using 
Eq. in all of the following results. 



III. SOLUTION FOR QUANTUM MODES AND 
THE HORIZON CROSSING FORMALISM 

One of the most attractive aspects of the inflationary 
paradigm is that it provides a natural explanation for 
the large-scale structure of the universe. It is based on 
the property of the inflationary spacetimes which stretch 
quantum fluctuations from extremely small scales to su- 
perhorizon scales during inflation. These fluctuations are 
encoded as metric perturbations, which during inflation 
are of two types: scalar (or curvature) perturbations, and 
tensor perturbations (or gravitational waves). 

A distinctive feature of models which are described by 
non-canonical Lagrangians is the fact that the fluctua- 
tions of the inflaton field do not propagate with the speed 
of light, but rather with the speed of sound Cs which 
can differ from unity. As a result, scalar perturbations 
are sensitive to the sound horizon CsH~^, whereas tensor 
perturbations are not. A detailed treatment of the gen- 
eration of perturbations for an arbitrary speed of sound 



was done by Garriga and Mukhanov [54I, who showed 
that the power spectrum of curvature perturbations is 
given by 



1,3 



z 



where the quantum mode function Uk satisfies 



(30) 



(31) 



and z is defined by 



c,H 



H 



-MpajV2e. 



(32) 



In the above expressions, a prime denotes a derivative 
with respect to the conformal time r and an overdot de- 
notes a derivative with respect to the coordinate time 
t. 

We can equivalently express Eq. ([501) terms of the 
time variable y, which is given by 

Cgk k ^ . 

and is the ratio of the wavelength of the mode relative 
to the sound horizon size [ssj . The mode equation then 
becomes 



(1- 
where 



duk 



Gy-r^+[y'' ~F]uk=Q, (34) 



dy 



G 



-s + 3es - 2e?7 - 77s + 2e^ + 3s^ 



and 
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F = 2 + 2e - 3ri - -s - Aeri + -i]s 



2e^ 



(35) 



(36) 



are exact functions of the flow parameters. 

In order to evaluate the scalar power spectrum P-ji{k), 
we need to solve the mode equation and evaluate the 
quantity |ufc/z| for every mode with comoving wavenum- 
ber k. Standard lore has it that quantum fluctuations 
during inflation "freeze out" (cease to evolve) after hori- 
zon exit and theybehave as classical perturbations there- 
after [1, [E, [1, [3, 111 ■ We can therefore calculate Pn{k) at 
horizon crossing (y = 1) rather than the long wavelength 
limit (y ^ 0) . Even though this is exactly true for power- 
law inflation and approximately true for slow roll in the 
case of canonical scalar fields, WHK showed in [39] that 
one must be careful when using the horizon crossing for- 
malism. There are viable models for which the horizon 
crossing formalism is invalid, and one is forced to evalu- 
ate the power spectrum in the long wavelength limit. In 
the remaining of this section we will generalize the above 
result of [3^ to the more general case where the speed of 
sound is an arbitrary function of time. It shoifld be noted 
at this point that since the quantum fluctuations become 
superhorizon when they exit the sound horizon, we will 
use the more appropriate term "sound horizon crossing" 
formalism, instead of "horizon crossing" formalism used 
for the case of canonical scalar fields. 

We first solve the case where all the flow parameters 
are constant (see 53] for details), and we then generalize 
for an arbitrary flow evolution. If we define A'' to be the 
number of e-folds before the end of inflation, then 



N--- 



Hdt 



1 



y2M 



(37) 
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so that = at the end of inflation and increases as 
one goes backwards in time. Since the flow parameters 
are taken to be constant, we can find expressions for the 
derivatives of the flow parameters with respect to 
N, and set them to zero 



de d X ds 
m ~ dN ~ dN 

We then find that 



dN 



= 0. 



(38) 













-s)(e + s 








p = 


2e ' 





(39) 



and the mode equation reduces to 
( 1-e 



dy 



+ [y2-(l_,)(2 



duk 



2 + 



e)]uk^O. (40) 



The solutions of Eq. PO)) are proportional to Hankel 
functions and after applying the choice of vacuum and 
the Wronskian condition for the modes, we obtain the 
following normalized solution 




where 



3 - 2s - e 



2(1 



(41) 



(42) 



In the long wavelength limit the above solution takes the 
asymptotic form 



and if we set 

Viiy) = 2 
we finally find that 

.1/2 _ 



r(3/2)- 
.-3 r(i^) 



P. 



n 



r(3/2) 



(1 



H 



3/2-1/ 



u-l/2 



(43) 



(44) 



(45) 



The sound horizon crossing formalism can then equiva- 
lently be expressed by the condition [s^ 



d 

dy 



H 



3/2-1/ \ _ 



0, 



(46) 



which states that the quantity inside the parenthesis does 
not depend on y and therefore we can evaluate the power 



spectrum at any preferred y value, which is convention- 
ally chosen to be the sound horizon crossing for which 
2/ = l. 

It is now obvious that for different flow evolutions, the 
condition (j46p may only be approximately true or even 
strongly violated in some cases, and one should seek a 
generalization of it for the case of an arbitrary evolution. 
This can be done by first noticing that 



d 

dy 



1 



d 



Csk{l-e-s)dT y{l- e - s) dN 
exactly. We can then write 
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3/2'- d r H 



1 



■dN 
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Using finally that 

d / 1 \ 1 



and 



dN VVe/ 



d ( 1 



:(2e + s-2r;). 



dN \^s) 2757' 



(48) 



(49) 



(50) 



we recover the following expression for an arbitrary evo- 
lution 



dlny 



In 



-y 



3/2-1/ 
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2e- ?7 



1 



(51) 



It is straightforward to show that the above result van- 
ishes in the de Sitter case where e = ry = s = 0, and in 
the case where all the flow parameters are constant. 

The generalization to slow roll is trivial. During slow 
roll the order of the Hankel function will not be given by 
Eq. but rather from the following expression 



(52) 



V ^ - + 2e - rj + s. 
Equation ([5T|) then takes the form 



d 
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ei] — rjs + s . 



e — s 
(53) 



The variation is therefore of second order in the slow- 
roll parameters, and any corrections to the observables 
will vanish to lowest order in slow roll. As expected, the 
above analysis reduces to the simpler case where Cs = 1 
and s = presented in It is therefore clear that 

even though the sound horizon crossing formalism is ex- 
act for the de Sitter case and approximate in the slow 
roll case, one must be careful when applying it to more 
exotic models. If the quantum modes do not freeze af- 
ter sound horizon crossing, this will manifest itself in Eq. 
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(ISlj) as a strong deviation from zero. Viable inflation 
models for which the horizon crossing formalism fails, 
have been constructed for canonical scalar fields [s^ [13] ■ 
In the next section we elaborate on a DBI inflation model 
which was first introduced by Spalinski _41j and is char- 
acterized by the same behavior. For the remaining of the 
paper, primes denote derivatives with respect to the field 
0, and overdots derivatives with respect to the coordinate 
time t. 



IV. ULTRA-SLOW ROLL DBI INFLATION 



6(0) = 

r]{(j)) = 



3(7 + 1) 
27 

/3(7_ 
V 27 
3(7+1) 
27 



tanh^ 



1) ^ 



Mf 



1) 



tanh 



v/3(7 + l) <!> 
2 Mp 



(59) 



This is the solution that was presented in [4l| . The early 
and late-time values of the flow parameters are summa- 
rized in the following table. 



In this section we discuss the case of a flat potential, 
V{(j)) = Vo = const. ^ for an arbitrary speed of sound. 
The simpler case of a flat potential for a canonical scalar 
field was studied in [3^, [sj] , under the term "ultra-slow 
roll" inflation which can briefly be summarized as follows: 
The equation of motion for the inflaton field 



TABLE I: Ultra-slow roll DBI inflation 



with 



4> + 3H<j) + V\(P) = 0, 



Hcj) 



(54) 



(55) 



can be expressed in terms of the flow parameter 77 as 



r]-3 ^-U = 0. 

H(j) 



(56) 



In the case of a flat potential, the equation of motion can 
be expressed solely in terms of r] as 



rj — '3. 



(57) 



Even though the slow-roll approximation is never valid, 
since 77 — 8, and the horizon crossing formalism is 
strongly violated, it was shown in (39j that e — > in 
the late-time limit, and the equation of motion for the 
quantum modes is identical to the equation of motion in 
de Sitter space, resulting in a scale invariant spectrum. 

The more general case of a flat potential with arbi- 
trary but constant speed of sound was flrst introduced by 
Spalinski [4ll|. For a flat potential in DBI, the Hamilton- 
Jacobi equation becomes 



AMI 
3(7 + 1; 



Vo 



(58) 



Since the potential is constant, the friction term will dom- 
inate at late time causing the field to come to a stop at 
some field value 4>o^ which can be set to zero without loss 
of generality. We can then solve exactly for the evolution 
of the Hubble and the flow parameters on a flat potential 
and find that 



^coshK^^^ 



Mil 





early time (</> 06) 


late time {(j> — > 0) 




3(7 + l)/(27) 







3(7 + l)/(27) 


3(7 + 1)7(27) 




[3(7 + 1)7(27)]^ 






We can equivalently recover the above evolution by 
expressing the equation of motion for DBI inflation in 
terms of the flow parameters, as was done in Eq. ([55)1 
for the case of a canonical scalar fleld. After tedious but 
straightforward algebra it can be shown that the equation 
of motion for DBI inflation (fT7| can be written as 
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7 + 1 
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7 



7+1 



v'{4>) 

s-3 = 0, 



(60) 



where it should be noted that the above result is exact, 
since no assumptions of slow roll have been made, and 
it also reduces to Eq. (|56p in the case where 7 = 1 and 
,s = 0. For the evolution considered in this section, we 
flnd that the flow parameter 77 which corresponds to a 
flat potential {V'{(t>) = 0) with constant speed of sound 
(s = 0) according to Eq. (I5D|) is given by 



3(7+1) 
27 ' 



(61) 



which as expected, is exactly the result that was found 
starting from the Hamilton-Jacobi equation. 

We next calculate the power spectrum of curvature 
perturbations P-ji for the late-time evolution. Since the 
speed of sound is constant, s will vanish and using the 
values of the flow parameters in the late-time limit from 
table m we can write the mode equation (l34|) as 



2 <P'^k 

If we now set 



y 



4 L 



7 



Uk = 0. (62) 



9 / 1 
a = - 1 ^ 



the mode equation becomes 



(63) 



(64) 
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which can easily be solved as 



Uk 



where 



3/4 3 
2 V 9 27 



(65) 



(66) 



It should be noted that Eq. (|64p which describes the 
evolution of the quantum modes Uk for the case of a flat 
potential with constant speed of sound, is identical to Eq. 
(117) of 40] which describes the evolution of the modes 
for a canonical scalar field evolving on both branches of a 
tree-level hybrid potential [s^ in the small e limit. This is 
an interesting duality between these two different classes 
because they both appear to be degenerate in terms of 
observables, since they both predict negligible tensors in 
the small e limit, and non-Gaussian signatures, as we 
show below. 

The power spectrum of curvature perturbations is 



rjl/2 
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(k) 



fc3 

2^ 



z 







r(3/2) 2TTf 



(67) 

where the power spectrum was evaluated in the long 
wavelength limit. The scalar spectral index is also given 
by 
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dlnPTj 



din fc 



■yaH— const. 



nc - 1 = 3 1 - 
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(68) 



(69) 



Some remarks should be made at this point. The evolu- 
tion studied in this section, that of a flat potential with 
constant speed of sound, predicts a blue spectrum for any 
value of 7 which respects causality and is different than 
unity, and is therefore disfavored by observation. The 
tilt of the spectrum varies from extremely blue in the 
case where 7 — + 00, to a scale invariant spectrum when 
7 = 1. It is also obvious from the above result that a 
nearly scale invariant spectrum can only happen in the 
case where the speed of sound is close to unity, and will 
correspond to very small levels of non-Gaussian signa- 
tures. The observational degeneracy therefore between 
this model and hybrid inflation is evident. 

We end this section by examining the validity of the 
sound horizon crossing formalism. In the limit where e is 
small, Eq. ([?T|) reduces to 



d\ny 
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H 



,3/2-1/ 



V — ri, 
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and using Eqs. (pT|) and we find that 



d\mj 
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H 



,,3/2-i 
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7' 



(70) 



(71) 



From the above result we therefore conclude that any 
value of 7 that is not extremely large, will correspond to 
quantum modes that do not freeze when they exit the 
sound horizon, and the sound horizon crossing formal- 
ism will then fail. This can also be seen by calculating 
the scalar spectral index using the sound horizon cross- 
ing formalism which can be shown to give the following 
wrong result 



3 1 



as does the usual slow roll expression 



II 



SR. 



-4e + 2?/ - 2s = 3 1 



(72) 



(73) 



The statement therefore that one is allowed to relate 
physical quantities like the curvature perturbations far 
outside the sound horizon, to conserved quantities which 
are evaluated when they exit the sound horizon is not 
always true. One should hence be careful when trying to 
construct inflationary models that are characterized by 
non-trivial field evolutions like the case of a flat poten- 
tial presented here, a field rolling up an inverted potential 
(40| , or the case where the inflationary potential has fea- 
tures [EE 113 ■ 



V. ISOKINETIC INFLATION 

In this section we study an interesting class of mod- 
els characterized by a constant field velocity 4> = const. 
Such models have the useful property that it is possi- 
ble to solve exactly for the background field evolution in 
both the canonical and DBI cases, although the slow-roll 
approximation must be used for the perturbations. The 
case of isokinetic inflation with a canonical Lagrangian 
is familiar: "chaotic" inflation generated by a quadratic 
potential. 



V {(p) = m^(f>^ 



(74) 



In the slow-roll limit, since the Hubble parameter H cx 
we have that 



(f) oc H' (0) ~ const. 



(75) 



This can be generalized to an exactly solvable model as 
follows: For canonical scalar fields, constant field velocity 
can only be achieved when 



(76) 



at all times as it can be seen from Eq. ([55)1 . From Eqs. 
([7]) it is then clear that all the higher order flow param- 
eters will also vanish 



^A(0)=O for ^=1,2,... 



(77) 
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The only non-zero flow parameter is therefore e which 
can be expressed in terms of the field value as follows: 
from the Hamilton-Jacobi formalism we have that 







2Ml 



— B = const. 



(78) 



which can easily be integrated in order to give that 

H{cj))^Bq}+iHo-BM, (79) 
for some initial values 4>q and Hq. If we next set 

Ho - B(j)o = C, 

we find that 

H{(t)) ^B(j) + C. (80) 

Using finally Eqs. ([7]) we obtain the following exact result 
for the evolution of e in terms of the field value 



2Ml 



{<P + C/BY 



(81) 



which is positive-definite as expected. We can also find an 
exact expression for the potential V{(j)) that can support 
the above field evolution. From Eq. ^ and using Eqs. 
(I80t and (ETl) we have 



y(0) = 3M|,B2 



2Mj, 



(82) 



For (f> large, this reduces as expected to V {(j)) ~ m^0^, 
with — 3MpB^, and the corresponding observables 
are the same. 

The non-canonical generalization of this case is more 
interesting. We start by identifying the relation between 
the flow parameters which correspond to such evolution. 
It can be shown that the generalization of Eq. ([55]) in the 
case where the speed of sound is an arbitrary function of 
time is given by 

= -0i/(T, - s), (83) 

and constant field velocity can only take place if 

77(0) = s(0). (84) 

The above result can equivalently be expressed in terms 
of H{(j)) and 7(0) as 



H"w ^ y(0) 

F'(0) 7((/.) ■ 



(85) 



Using Eqs. we also find the following exact relation 
between higher order flow parameters 



m = e(<^)p(<^), 



which can again be translated in the following relation 
between H{(j)) and 7(0), 



H'{<P) 7(0) ■ 



(87) 



Equations ([SS]) and ((87l) start revealing a pattern between 
the {£ -f l)-th derivative of H{(j)) and the £-th derivative 
of 7(0). Indeed, using the method of mathematical in- 
duction it can be shown that 



H 



1 fd'+^H\ 1 fd'-i\ 

- -777 for £ = 1,2,. 
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which can also be expressed in terms of the flow param- 
eters as 



^+iA(0)=^a(0)e(0), £=1,2,. 



(89) 



The parameter e therefore plays the role of a bridge be- 
tween the (£ + l)-th element of the i?-tower and the £-th 
element of the 7-tower, and we can then express the el- 
ements of both towers in terms of the elements of the 
i?-tower only. 

We can also express the flow parameters e (0) and 7 {(f)) 
in terms of H (<j)) by taking 



2 A/2 

7(0) 

so that 

7 (0) = H' ((/.) /B, 
where, as in the canonical case, 

B = - 



2Ml' 



The parameter e is then given by 



2Ml fH'{(f>) 



7(0) yni^) 



= 2MiB 



H' (0) 

{4>y 



(90) 



(91) 



(92) 



(93) 



Unlike the canonical case, if we allow the speed of sound 
to vary, there is no unique solution for H (0), and there- 
fore isokinetic solutions correspond to a class of poten- 
tials, with 



77(0) = s((/)) 



2MlB (i{<f)) 



H{4>) \^{c^) 



(94) 



The canonical limit corresponds to 7 = const. = 1, so 
that T] ~ s ~ Q. We proceed by ansatz: for large, 
assume that H (0) is dominated by a term of order 0^, 
so that 



H (0) = B^i 



(95) 



where fi has dimension of mass. In the slow-roll (large 
(86) 0) limit, this corresponds to a potential dominated by a 
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term of order V oc oc (f)^^, and is therefore a gener- 
alization of chaotic, or "large-field" inflation for the case 
of varying sound speed. It is straightforward to evaluate 
the parameters, 



and 



-(p+i) ^ II 



(96) 



(97) 



where inflation ends with e ( 



= 1 at a field value 



(98) 



We can then write 7 as 



The tensor/scalar ratio r is less constrained, 
\MpJ 



\ g2p/(p+l) 



2 / , X -2p/(P+l) 



(104) 



16e 

7 



Here 4)e is determined by the arbitrary mass scale fj, 
so r is not determined by the number of e-folds alone as 
in the canonical case. We can, however, place an upper 
limit on r by demanding that the theory be causal, that 
is Cg = < 1 throughout the inflationary evolution. 
Since 7 is decreasing with time, this corresponds to a 
lower limit on 7 at the end of inflation 



> 1, 



(105) 



7(0) = 2p^ 



(99) 



We recover the canonical case 7 = 1, by setting p = 1. 
The number of e-folds N {(f) is given by: 



iV((/.) 




(100) 



and we can then write e in terms of the number of e-folds 
N as 



e{N) 



1 



l + {p+l)N/p 



(101) 



Note that the spectral index depends only on e, since 
in the slow-roll limit, 



Us-l = -4e+2?7-2s 



-4e : 



1 + {p+\)NIp 



(102) 



Using this expression, for N = [46, 60], and p = 1, . . . , 00, 
the spectral index is confined to a narrow range for the 
entire class of potentials, 



[0.915,0.967] 



(103) 



as can be seen from Table II. (The case where « 
was considered in [HI], where a red-tilted spectrum was 
obtained not through the parameter e ~ O(10~^), but 
rather through the parameter rf) . 



(106) 



We then have an upper limit on the tensor/scalar ratio. 



16 1 



'-N 



P 



-2p/(p+l) 



(107) 



The right-hand side is maximized for the canonical case 
p = 1 and N = 46, for which r = 0.17. In the limit 
p S> 1 and iV = 46, the upper limit is much stronger, 
r < 0.007. This is therefore an example of a class of 
models which predict a spectral index within the obser- 
vationally favored range, but which can have an arbitrar- 
ily low tensor/scalar ratio. The field excursion A(j>/AIp 
during inflation can be calculated using 



i/(p+i) 



(108) 



so that 



A0 



Mp 

4'e 

Mp 
2? 



1 + ^-—N 



i/(p+i) 



1 + ^^ 



i/(p+i) 



x(l + P±i7V 
P 



(109) 



TABLE II: Values for Us in terms of p and N 





p = l 


p = 2 


p — b 


p = 00 


N = A& 


0.957 


0.943 


0.929 


0.915 


N = &0 


0.967 


0.956 


0.945 


0.934 



We see that for r ^ 1, At/) -C Mp. In this limit, it is pos- 
sible to embed such potentials into a stringy realization 
of inflation such as a DBI scenario, since the fleld varia- 
tion will be smaller than the typical size of a compactified 
dimension. 
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The primordial non-Gaussianity can also be expressed 
in terms of the shape of the potential and the amount of 
inflation. Using Eqs. ([Ml) and (fTOT|l we find that 



^equil. 

JNL ~ Tno 



35 
108 



2(p-l) 



35 
27 



Mf 



p+l 
P 



N 



2(p-l) 
P+l 



- 1 
1 

4 



(110) 



exactly. Demanding again that the theory be causal, we 
can substitute the condition (|106|1 into the above result, 
and recover the following lower limit for the level of non- 
Gaussianities 



requil. ^ 35 

Jnl >Y08 



1 



1 



-N 



P 



2(P-1) 
P+l 



- 1 



which equivalently can be expressed as 

^2(l-p)/(p+l) _ 



/■oquil. ^ 35 

Jnl ^Y08 



(111) 



(112) 



The right-hand side is minimized for the canonical case 
where p = 1, and is independent of the number of e- folds 
N since 



/^7^(p = i,7v)>o, 



(113) 



for any N value. We summarize the previous results in 
Fig. [U where we see the general way in which the up- 
per limit for r and the lower limit for /jv l depend on p. 
We can then generalize the statement that we mentioned 
before for the class of models with p ^ 1. In addition 
to the fact that they predict a spectral index within the 
observationally favored range and arbitrarily low r, they 
also can generate significant levels of non- Gaussian sig- 
natures. 

We next find an expression for f^^ in terms of the 
tensor/scalar ratio r. Using Eq. (|104p we have that 



Mf 



64 



p+l 



N 



-4p/(p+l) 



and Eq. (jllOp can then be written as 



pcquil. 

JNL — 



35 
108 



256 
"3" 



p+l 



N 



(114) 



(115) 



It should be noted that this is an exact result and demon- 
strates that small values of r generate large values oi Jnl- 
This is also illustrated in Fig. [2l where it can be seen that 
a non-detectable r {r < 0.01) can potentially correspond 
to a detectable Jnl- 

Finally, in Fig. [3] we present the results in the (ns,r) 
plane in terms of the number of e- folds N , and for dif- 
ferent values of p. It can be seen that they all lie within 
the WMAP5 observationally favored region. 





FIG. 1: The spectral index Us (top two), the upper limit for 
r (middle two), and the lower limit for /jvl (bottom two) for 
N = 46 and A'^ = 60 as a function of p. 




fnl (N=46) 




FIG. 2: /jvL as a function of r for different values of p. 
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- 0.15 




0.05 



FIG. 3: 68 % (black) and 95 % C.L. (magenta) on the Us and r parameter space for WMAP5 alone taken from [24|. In the left 
figure we plotted the predictions of isokinetic inflation for the cases where p — 1 (orange), p = 2 (blue), p = 3 (red), and p — 4 
(green) using the upper limit for r given by Eq. (|107|l . The right figure is the left one zoomed in to the region of observational 
interest for these models. The colored shaded regions constitute the observational range for an arbitrary value of r. The full 
squares (full circles) correspond to the case where a mode crossed the sound horizon 46 (60) e-folds before the end of inflation. 



VI. CONCLUSIONS 

In this paper, we consider non-canonical generaliza- 
tions of two interesting classes of canonical inflation mod- 
els. First, we study "ultra-slow roll" inflation, which is 
a class of inflation models for which the slow-roll ap- 
proximation is strongly violated, so that quantum modes 
evolve rapidly on superhorizon scales 39, 40]. This sce- 
nario generalizes naturally to non-canonical Lagrangians, 
and exact solutions for the background evolution were 
found by Spalinski [4l|. We calculate solutions for the 
primordial power spectrum in this background, and show 
that, as with the model's canonical counterpart, the 
"horizon crossing" formalism strongly breaks down. Sec- 
ond, we consider the non-canonical generalization of the 
simplest "chaotic" inflation scenario, with a potential 

V {(p) — m^0^, for which the field evolves with approxi- 
mately constant velocity (j) ~ const. We find a class of re- 
lated non-canonical solutions with polynomial potentials 

V {(j)) (X (ff and constant field velocity </> = const., but 
with varying speed of sound. Unlike the canonical case, 
the non-canonical model can have an arbitrarily small 
tensor/scalar ratio combined with a slightly red-tilted 
power spectrum, 1 — n ~ 0.05, consistent with current 
data. Of particular interest is that this class of models is 
marked by a correlation between the tensor/scalar ratio 



and the amplitude f^L of non-Gaussianity, such that pa- 
rameter regimes with small tensor/scalar ratio have large 
associated non-Gaussianity. Such behavior is noi generic: 
slow-roll inflation models with unobservably low tensor 
amplitudes also have small non-Gaussianity, so the pres- 
ence of such a signal is an indication of a varying sound 
speed during inflation, and therefore presents a useful 
observational target. 

In this paper, we have not addressed the issue of 
whether or not potentials of these types could be nat- 
urally incorporated into string-based models. Because 
manifolds in string theory are typically compactified on 
scales of order Alp, infiation models with Ac/) > Mp 
present difficulties for string-based model building, al- 
though exceptions based on monodromy have recently 
been proposed by Silverstein and Westphal [s^. All of 
the scenarios we consider here have a natural r -^1 limit, 
so that A(/) ^ Mp, and these issues can be avoided al- 
together. These results may therefore prove useful for 
stringy model-building. 
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